We investigate the effects of the shape of quantum dots on their far-infrared absorption in an external magnetic field by a model calculation. We focus our attention on dots with a parabolic confinement potential deviating from the common circular symmetry, and dots having circular doughnut shape. For a confinement where the generalized Kohn theorem does not hold we are able to interprete the results in terms of a mixture of a center-of-mass mode and collective modes reflecting an excitation of relative motion of the electrons. The calculations are performed within the time-dependent Hartree approximation and the results are compared to available experimental results.
I. INTRODUCTION
Ever since the discovery that far-infrared radiation (FIR) can only be used to excite center-of-mass modes of electrons parabolically confined in circular quantum dots, the generalized Kohn theorem, [1] [2] [3] ingenious ways have been thought of to modify the confinement in order to excite internal modes. The modes caused by relative motion of the electrons would allow for exploration of interaction and general many-body effects. It was demonstrated that in circular dots with a slight radial deviation from the parabolic confinement states with few electrons have a unique far-infrared spectrum. 4 Dots with a higher number of electrons (N > 10) commonly only show a simpler structure of Bernstein modes 4,5 and an energy shift. 6, 7 Early on, it came clear that a certain anticrossing behavior discovered in the higher one of the two Kohn's modes measured 8 for quantum dots assumed to be circular is indeed a signature of a slight square deformation of the electron system. 9, 6 The far-infrared absorption of strictly square-shaped quantum dots with hard walls has been modelled by exact numerical diagonalization for two electrons, 10, 11 and by a real-time simulation of the density oscillations described by a local spin-density approximation (LSDA) for many electrons. 12 The generalized Kohn theorem has been further extended to describe elliptic 13 quantum dots and related three-dimensional structures, ellipsoids.
14
The production of arrays of isolated angularly deformed quantum dots has been hampered by technical difficulties. The little there is of experimental results from FIR absorption measurements on quantum dots with angular deviation it has not found its way into the general physics literature but is to be found as thesis work.
15-17
The FIR absorption of single quantum rings has been studied in relatively large systems with many electrons, 18, 19 but recently small quantum dots with few electrons and a hole through their center have been produced and measured.
20
In this publication we model the FIR absorption of single quantum dots with a slight elliptic or square deviation assuming the radial confinement to be parabolic. The model is general enough to be applicable for most angular deviations of the confinement. In a circular quantum dot the electron-electron interaction does not break the angular symmetry, but in our model it can strongly modify the shape of the dot as soon as the circular symmetry is broken by the initial confinement. We apply our model to the FIR absorption of an elliptic dot in order to verify that it produces the results expected by Kohn's theorem.
13
The calculated absorption spectra for a square deviated quantum dot show both familiar results for a weak deviation, 8, 9 and effects reflecting internal electron motion that have not yet been observed in experiments.
In addition, we calculate the FIR absorption for a small dot with few electrons with its center removed to compare with the results of A. Lorke.
20

II. MODEL
As we allow for a very general angular shape of the quantum dot neither the total angular momentum nor the angular momentum of the effective single particle states in a mean field approach is conserved. The Coulomb interaction thus 'mixes' up all elements of the functional basis used and we limit ourselves to the Hartree approximation (HA) in order to be able to calculate the absorption. The quantum dot is modelled with the confinement potential
representing an elliptic confinement when α 1 = 0 and α p = 0 for p = 1, and a square symmetric confinement when α 2 = 0 and α p = 0 for p = 2. We use the Darwin-Fock basis; the eigenfunctions of the circular parabolic confinement potential in which the natural length scale, a, is given by
where ω c = eB/m * c is the cyclotron frequency of an electron with effective mass m * in a perpendicular homogeneous magnetic field B. The states are labelled by the radial quantum number n r and the angular quantum number M. 6 The single electron spectrum of these states is shown in Fig. 1 .
To evaluate the FIR response of the quantum dot, the external potential is assumed to have the form
where N p = ±1 and η → 0 + , representing a spatially constant external electric field. The FIR response is found by a self-consistent method in the linear response regime; the timedependent Hartree approximation. The power absorption is then given by
where
and f 0 is the equilibrium Fermi distribution. Self-consistency is obtained by calculating linear response not to the external perturbation, φ ext , but rather to the total (self-consistent) potential
H is the induced Hartree potential. For a circular quantum dot, the parabolic potential has proven to be a realistic approximation in many cases. For such a circular harmonic dot, the dipole selection rule for the center-of-mass angular momentum is ∆M = N p and the resonance frequencies are given by
For an anisotropic harmonic confinement, the selection rule is still ∆M = ±1, but there is absorption into both ω + and ω − for each polarization. The resonance frequencies are then given by
where ω x and ω y are the resonances at B = 0 T, 14, 13 fulfilling ω x = (1 + α 1 ) 1/2 ω 0 and ω y = (1 − α 1 ) 1/2 ω 0 in our model.
III. RESULTS
In the calculations reported here we use GaAs parameters, the effective mass m * = 0.067m 0 and the dielectric constant κ = 12.4. The FIR absorption of a quantum dot with an elliptic deviation is seen in Fig. 2 . The induced density for the oscillation modes was used to confirm that only center-of-mass modes are excited and the dispersion with respect to B can be reproduced as a simple difference of the dipole active transfers in the DarwinFock energy spectrum for one electron in a parabolic elliptic confinement. The oscillation strengths do comply with known analytic expressions. 13 Interestingly, the external circular polarized electric field leads to linear oscillations of the electron system parallel to the minor and major axis of the contours of the elliptic confinement potential. Figure 3 shows the Darwin-Fock energy for a single electron in a confining potential with square deviation. Clearly visible is the anticrossing of the (M,n r )=(+1,0) and the state (-3,0) that was found to be visible in the FIR absorption of quantum dots which were clearly of square shape in an electron micrograph. 8, 9, 6 This anticrossing is present in the calculated absorption shown in Fig. 4 and 5 for two electrons in a dot. For this relative large deviation (α 2 = 0.2 or 0.4) from circular symmetry the absorption at B = 0 for both circular polarizations (N p = ±1) is split in two or more peaks. This is in contrast to the Darwin-Fock energy diagram in Fig. 3 from which we have to conclude that the lowest energy center-of-mass mode should be unsplit at B = 0. Certainly it has to be kept in mind that the states in Fig. 3 can not be assigned any unique quantum numbers, n r and M. The evolution from one absorption peak to many at higher deviation is seen in Fig. 6 . Observation of the induced density shows that all the modes are a mixture of center-of-mass and relative modes to different extent here. Some peaks can be identified with depolarization shifted transitions in the interacting Hartree energy spectrum while others are very close to transitions in the noninteracting Darwin-Fock diagram reflecting center-of-mass modes.
In Fig. 7 the FIR absorption is shown for three electrons, (N = 3). A splitting or anticrossing occurs in the absorption for N = 3 and N p = −1 whereas it does not for N = 2. This striking behavior can be understood from the Darwin-Fock energy diagram for three electrons (Fig. 8) . The splitting can be identified as a transition from the third energy level to the fourth and fifth with a depolarization shift, showing its many-body character. This behavior can not be seen for N = 2, since the third level is then not occupied.
Generally the lower energy branch (seen in N p = −1 polarization in circular dots) is very stable against splitting, especially for dots with many electrons. One exception is a dot with some kind of a hole through its center. Such dots have been grown as self-organized InAs rings embedded into a GaAs/AlGaAs heterostructure. Here we try to model simply the qualitative behavior of such dots by using GaAs parameters and by replacing the hole with a repulsive Coulomb center in the middle of the dot. The confinement of the electrons is thus not of the same type as was used to study the far-infrared absorption of a finite 2DEG with an embedded impurity. 21 The calculated absorption is seen in Fig. 9 for two and twelve electrons in the quantum ring. To understand the absorption one has to consider the Darwin-Fock energy spectrum of the Hartree interacting electrons in the ring shown in Fig. 10 . In the case of two electrons in the ring the emptying of states with low angular quantum number M close to the center with increasing magnetic field B results in low energy 'side branches' with polarization N p = +1 to the N p = −1 branch. The magnetic length, a, decreases with increasing B, causing the electrons to 'see' in a sence more of the repulsice Coulomb center (and each other), resulting in the emptying of states of low M. It is our suggestion that A. Lorke is observing this same effect in his experiment. 20 It should be mentioned here that the electron density in our calculation at the center of the ring is low for B = 0 and vanishes as B increases. In the case of twelve electrons screening effects and oscillating structure reminiscent of emptying of Landau bands is quite clear in the Darwin-Fock energy diagram, but again emptying of the M = 0 state at B = 4 T is visible in the absorption together with restructuring of the states with high M at the outer edge.
IV. SUMMARY
We have used a general two-dimensional multipolar expansion of the confinement potential of a single quantum dot to study the effects of shape on its properties. We have shown that the far-infrared absorption spectrum of quantum dots with few electrons strongly reflects their shape and exact number of electrons if the confinement potential does not allow the application of Kohn's theorem. Elliptic dots have two low energy peaks of equal strength at B = 0, whereas, dots with slight square symmetry reveal only one peak. This behavior is connected to the different effects of shape on the (M,n r )=(±1,1) degeneracy of circular dots at B = 0. We find that this degeneracy can be lifted by the activation of relative modes in the far-infrared absorption spectrum of square shaped dots with increased deviation from the circular form.
In quantum rings we observe a shift of occupation of the states labelled by the angular momentum quantum number M to higher values with increasing magnetic field. This is essentially caused by the changing ratio of the magnetic length, a, and the dots radii. We identify structures seen in experiments with this effect.
20
The Hartree approximation has been used here rather than the more desirable HartreeFock approximation in some unrestricted version, in order to manage the size of the absorption part of the calculation measured in GBytes and CPU-time. On the other hand, the HA can be expected to give a valid description of a system whose modes of excitation are mainly of the center-of-mass type. 
